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Abstract. The system of semi-relativistic particles coupled to a scalar bose field is inves- 
rr^ I tigated. A renormalized Hamiltonian is defined by subtracting a divergent term from the 



< 






^ 



total Hamiltonian. We consider taking the scaling limit and removing the ultraviolet cut- 
offs simultaneously for the renormalized Hamiltonian. By applying an abstract scaling limit 
theory on self-adjoint operators, we derive the Yukawa potential as an effective potential of 
semi-relativistic particles. 
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1 Introduction 

f— s ' We analyze the system of the A^ semi-relativistic particles coupled to a scalar- bose field. We are interested 

in the asymptotic behavior of the renormalized Hamiltonian which is defined by subtracting a renormal- 
ization term from the total Hamiltonian for the system. The scaling limit of the total Hamiltonian with 
fixed ultraviolet cutoffs is considered in ll22l . In this paper, we take the scaling limit and remove the 
ultraviolet cutoffs simultaneously for the renormalized Hamiltonian. In the main theorem, we derive the 

5r ! semi-relativistic Schrodinger operator with the Yukawa potential. To prove the main theorem, we apply 

an extension of the abstract scaling limit theory on self-adjoint operators obtained by Aral |2|. 

The state space for the system of A'^ semi-relativistic particles coupled to a scalar bose field is defined by 

Ji = L^(Rl^) 9"b(L2(Rk)) where %iL^{Rl)) is the boson Fock space on L^{Rl). Here we assume 



N >2. The free Hamiltonian of the semi-relativistic particle is defined by Hp = Y. y/—Aj-\-M'^ where 
M >0 denotes the fixed mass of the particles. Then the total Hamiltonian for the interacting system 
H = Hp^I + /®//b + kHi{Ao), JceR. 

N 

where H^ is the free Hamiltonian of the bose field, and Hi{Aq) = £ (p^^ixj). Here 0Ao(x) denotes the 
field operator with the fixed parameter Aq > of the ultraviolet cutoff. 



Let us introduce the scaled total Hamiltonian H{A) defined by 

H{A) = Hp^I + A^I(S)Hi, + kA//i(A"), a > 0. (1) 

We are interested in taking the scaling limit and removing the ultraviolet cutoff simultaneously for 
the renormalized Hamiltonian H{A) —En{A) where E}^{A) is the divergent term defined by E}^/{A) = 

(iff (/r' m^'^^) ■ 

Historically Davies f3] investigates a scaled Hamiltonian of the form ([T]) with replacing the semi-relativistic 
Schrodinger operator with the standard Shcrodinger operator. Then he derives the Schrodinger operators 
with effective potentials by taking the scaling limit as A — )• oo. In lH, Aral investigates an abstract scal- 
ing limit theory, and apply it to a spin-boson model and the non-relativistic QED models in the dipole 
approximation. In |[TTl[T2l . the scaling limit of the A'^-body Schrodinger operator coupled to a scalar 
bose field with removing ultraviolet cutoff is considered. As is mentioned above, the scaling limit of the 
Hamiltonian of ([T]) with the fixed ultraviolet is considered in |[22l . For other results on this subject, refer 
to ||9l[10l[l3l[ll[l8l[19l[ni|2ll. 



Now we state the main theorem. Assume that < a < A and < I k:| < ^ / ,1^ , follows. Then it follows 
that for z G C\R, 




where 



V^n{xu--- ,xn) = -tttL 



re 



-in \Xj—xi\ 



l6Kf^i\xj-x,\ 
and Pa^, is the projection onto the closed subspace spanned by the Fock vacuum Q.\,. 



We prove the main theorem by the following strategy. We consider an extension of the abstract scaling 
limit theory on self-adjoint operators obtained in Q. Then we investigate its applition to the Hamiltonian 

U{A)^^ ( H{A) —En (A)) U{A) where U (A) is a unitary transformation, called the dressing transforma- 
tion. 



This paper is organized as follows. In Section 2, we consider an abstract scaling limit theory on a self- 
adjoint operators. In section 3, we define the system of A^ semi-relativistic particles interacting with a 
scalar bose field and the main results are stated. In Section 3, we prove the main theorem by applying 
the dressing transformation and the abstract scaling limit theory. 



2 Abstract Scaling Limit 

In this section we consider a generalized scaling limit on self-adjoint operators. Let A and B are operators 
on X and y , respectively. We analyze the operator X{A) on 2, = X y , which is defined by 

X{A) = Xo(A) + Ci(A) + Cii(A)®/, A>0, 

where Xo(A) = A^I + AI(g)B. It is note that D(Xo(A)) = D(A (g)/) n D(/«)S). We assume the 
following conditions. 

(A.l) A and B are non-negative and self-adjoint. Ker B ^ {0}. 

(A.2) For all £ > there exists a constant A(£) > such that for all A > A(£), 

D(AO/)nD(/(g)B) C 1>{Ci{A)) follows, and for G !D(A0/) n!D(/(8)5), 

||Ci(A)<D|| < £||Xo(A)<I>|| +b{e)\m 

follows, where b{e) > is a constant independent of A > A(£). There exists operator Q on 

X such that D(A(8)/) nD(/®B) C D(Ci), and for G !D(AO/) n!D(/®B), 

s- limCi(A)<I> = CiO. 



A 

independent of A > Aq with some Aq, such that for <I> € D(A), 



(A.3) For all A > 0, D(A) C D(Cn(A)) follows. There exist < c < ^ and t/ > 0, which are 



||Cn(A)0|| < c||AO|| +d\M. 
There exists operator Cu on X satisfying D(A) C D(Cii), and for <I> G !D(A), 

iiciiO|| < c||AO|| +d\m, 

and 

s- limCii(A)<I> = Cii<I>. 

Proposition 2.1 Assume (A.l) - (A.3). Then (i) -(Hi) follows. 

(i) X (A) is self-adjoint and essentially self-adjoint on any core of A <^I + I<^B. 

(ii) The operator 

X^ = A®1 + {l®PkerB)Cl{l®PkerB) + Cu^PkerB 

is self-adjoint and essentially self-adjoint on any core of A ® I where PuerB is the projection onto kerB. 
(in) For all z G C\R, 

S- lim (x(A)-z) = (Xoo - z)-\l®PkerB)- 

Remark 2.1 

Proposition 12. 1 1 with the condition Cu = is investigated in (^, Theorem 2.1 ). 



(Proof) 

(i) Let O G D(A (g)/) n D(/0B). By (A.2),(A.3) and \\{A (g) I)^\\ < ||Xo(A)0||, it is seen that for suffi- 
ciently large A > 0, 



Ci(A)+Cii(A)®/j<I> <(e + c) Xo(A)<I> +{bie)+d)\\^\\. (3) 

Then for sufficiently small £>0, £ + c<l follows, and hence (i) follows from the Kato-Rellich theorem. 



(ii) From (A.2) and (A.3) we see that 

\\Ci{A){Xo{A)-zr'\\ < e\\Xo{A)iXo{A)-zr'\\ + He)ll(^o(A) -z)~'||, 
||(Cn(A)®/)(Xo(A)-z)-l < c||(A0/)(Xo(A)-z)-i|| + d\\{Xo{A) -zT'l 

Then we have 

Ci(A)+Cii(A)®/) (Xo(A)-z)"V 
< ( s\z\+bie)+d'^ ||(Xo(A) -z)-^»F|| + c||(A0/)(Xo(A) -z)-i|| +e\M 
We see that 



(4) 
(5) 



(6) 



S-lim(Xo(A)-z)-' = {A-zy'<S)PkerB, S-lim(A®/)(Xo(A)-z)-' = A{A-zy' ^PkerB- 

A^oo A^t» 

Then we have 

Ci + Cii®l) ( (A-z)-' ^PkcrB)'i' < ( {e + c)\z\+b{e) + d)\\{{A-z)-'(E)PkerB)n + i£+c)\\'i' 



(7) 
Then we obtain for <I> G D(A), 

(/^PkerB)(Ci + Cii®/)(/®PkerB)^||<(£ + c)||(A«)/)0|| + (2(£+c)|z|+Zp(£)+j)||0||. (8) 

Since £ + c < 1 follows for sufficiently small £ > 0, then we obtain (ii) from the Kato-Rellich theorem, 
(iii) Let z G C\R satisfying Re z = 0. We see that 

Ci(A)(Xo(A)-z)"' = Ci(A)(A-z)"l®PkerB + Ci(A)(Xo(A)-z)"'(/-/®PkerB). (9) 



By (m, we have for £ > 0, 

Ci (A) (^XoiA)-zy\l-m Pkerfi)*!' 

<(^e\z\+b{e)^\\{XoiA)-z)-\l-l0Pi,erBm\ +£ ||(/-/®Pkere)»I'||. (10) 
Then for sufficiently small £ > 0, we obtain 

S-limCi(A)(Xo(A)-z)"\/-/®PkerB) = 0. (11) 



Hence by Q, (dB and (A.2) , we have 



-1 



N-l 



Ci(A) ( Xo(A) - z ) =Ci{A-z.) '0 P^,rB. 
We also see that 

(Cll(A)®/)(Xo(A)-z) (/-/^Pkerfl)'!' 
-1 



(12) 



Um 



< lim I c 

A^ 



Xo{A)-z) (/-/®PkerB)(A®/)1' 

Hence by (fTBT ). we have 



(Xo(A)-z) (/-/(^Pkerfi)'!' 



A^-oo 



s- lim (Cn(A) »/) Xo(A) -z = Cn (A -z)"' ^PkerB 



= 0. (13) 



(14) 



By ©and ||(Xo-z)"^|| < ^ , we have 



Ci(A)+Cn(A)»/ Xo(A)-z 



-1 



<2(£ + c) + 



b{e)+d 



(15) 



Note that < c < ^ . Then | |(Ci (A) + Cn (A) (g) /) (Xq (A) - z) " 1 < 1 follows for sufficientiy small e > 
and sufficiently large |z|. Hence by (fT2l ) and (fT4l ). we have 



s- lim (Xo(A) -z)"' = s- lim V (Xo(A) -z)"' <^ Ci(A) +Cii(A) ®/ Xo(A) 



»=0 



-1 



= £ ( (^ - Z)" ' » 'Pkerfi) { ( Cl + Cll ^ /) ((A - z) '0 Pkerfi) }" 
= (X„-z)"H/«)/'kerB). 

Thus we obtain (iii). ■ 

3 Interacting System and Main Result 

In this section, we define the Hamiltonian for the A'^ semi-relaivistic particles system coupled to bose 
field, and state the main results. The total Hilbert space for the system is given by 



J{ 



L\Rl^)r^3^,{L\Rl)), 



where 3"b(^^(Rk)) = ®r=o('^s^^(^k)) ^^'^ ®sL^(Rk) denotes the ?i-fold symmetric tenser product of 
L^(R^) with (g)°L^(R^) := C. The free particle Hamiltonian is given by 



H„ 






where M > denotes the fixed mass. The free Hamiltonian of the scalar bose field is given by 



n=0\j=l jff^ 



where co(k) = Vk^ + m^, m > 0, is the energy of the boson with momentum k G R^. For /,g G L^CR^), 
a{f) and a*{g) denote the annihilation operator and the creation operator, respectively. The field operator 
with the cutoff parameter A > is given by 

Here we set pA,x(k) = pA(k)e^''*" and pA(k) = ;|^A(|k|) where ;|^A(|k|) is the characteristic function 
on [-A,A] CR. 

The total Hamiltonian is defined by 

H = Hp0l + /®//b +k://i(Ao), 

N 

where k: > is the coupling constant, and //i(Ao) = £ <})Ag{xj) with the fixed pai^ameter Aq > 
Let us consider the self-adjointness of H. For/ G T>{(0^^'^), it is seen that a{f) and a*{f) are relatively 

1/2 

bounded with respect to H^^ ' with 

\\a{f)n < ii^ii ml^^n, ^i* e '^iHl^^), (i6) 



||«*(/)»P||<||^||||//b'/'»F|| + ||/||||»F||, »FG!D(//,>/'). (17) 



CD 

By (fT6l) and dTT] ). it is seen that //i(Ao) is relatively bounded with respect to I®H^ . Then //i(Ao) is 
relatively bounded with respect to Ho with infinitely small bound. From the Kato-Rellich theorem, it 
is proven that H is self-adjoint and essentially self-adjoint on any core of Hq. Then in particular, H is 
essentially self-adjoint on Do = C^(R^^)i8'3^"(I'(ft))), where (§) denotes the algebraic tensor product, 
and 9^"(D(ft))) denotes the finite particle subspace on !)(&)). In this paper, the finite particle subspace 
Jb'^"(M) on the subspace M C L2(R3) is defined by the set of »F = l*!'^")}"^,, satisfying that »F(") G ®','M, 
n>0, and *F("') = for all n' > N with some A^ > 0. 

Now we introduce the scaled total Hamiltonian defined by 

H{K) = Hp(g)I +A^I(g)Hi, + kAHi{A"). 
Let us consider the renormalization term En (A) defined by 

We consider the asymptotic behavior of the renormalized Hamiltonian H{A) — En{A) as A — ;• oo with 
removing the ultraviolet cutoffs. Now we state the main theorem. 



Theorem 3.1 Assume < a < ^, and < | K"! < . /^==. Then it follows that for z G C\R, 



/A, \-l 

-1 



A^~ Vy=i 



5-lim (//(A)-Jc2£;v(A)-z) = ( Lv-Ay + M2 + (c2% -z] ^P^^^, (18) 



XI, •••,X^) = -TT-L 



167rj^Jxy-x,| 

a«(i /bfc is the projection onto the closed subspace spanned by the Fock vacuum Q.h. 
By using the theorem ([19] ; Lemma 2.7), the we obtain the following corollary 



Corollary 3.2 Assume < a < ^, andO < |k:| < ^/ ,^^ . Then it follows that 



4 Proof of Main Theorem 

Let 



7rAa(x) = —= -a{——) + a ( 



Pa« 



X N 



V2V ^wV2' ^co3/2 

The unitary transformation, called the dressing transformation, is given by 



N 



^(A) = e i=' 
It is seen that on the finite particle subspace on 3^"(l2(R^)), 

[7rAa(x),//b] = -i<^AC,{(0E,), 



Then we have 
where 



(2;r)3 Jr3 w(k)2 
U{A)-'H{A)U{A) = Ho{A) + Em{A) +Ki{A)+Ku{A), 



Ki{A) = U{A)-^ {Hp(g)l)U{A) - Hp(S)I 

N 

{inf ^, 7r3 «(k)2 



""^ ^ 2 (271)3 f^^ Jr3 w(k)2 



Then by the spectral decomposition theorem, we have for z € C\R, 

H{A)-En{A)-zY' = U{A)(Ho{A) +Ki{A)+Ku{A) -zY'u{A)-\ (19) 



We shall show that Hq{A), Ki{A) and Kii{A) satisfy the conditions (A.1)-(A.3) in Section 2. 



Proposition 4.1 Asswne < a < j- Then the following (1) and (2) hold. 

(1) For £ > 0, there exists Aq > such that for all A > Aq, 

\\Ki{Ayi>\\ < £\\Ho{A)n +V(£)||»i'||, 

follows, where v(£) >0 is a constant independent of A > Aq. 

(2) It follows that 



^ G D(//o(A)) 



s- \imKi{A)'¥ = 0, 



^'e'DiHoiA)). 



(20) 



(21) 



(Proof) 

Let Wj, 7 = 1,2, be the non-negative and self-adjoint operators with D(W2) C T>{Wi). Then it is seen that 

for v^e 2)(Wi)n!D(W2), yWjY = ^q ^{Wj + Xy^Wj^dX, and (^/WT- ^/W^)i/^ = i/o"VI(Wi + 
A)-'(Wi -W2)(W2 + A)-V^^- Then we have 



Wi-Vw^)y\\ < 



1 



nJo ?i+Eo{Wi) 



{Wi-W2){W2+?iy^Y 



dX, 



where £'o(X) is the infimum of the spectrum of the operator^. Let us use the notation p = {p^ , 

(-/^, • • • , -i-^)- By the commutation relation [n(/x), p"] = in{d_^vf^), 
we iiave for ^F € Dq, 

[u{A)-\pj^I)U{A))\ = (£Uv^^+^|^n(-^)j U. 
Then by applying U{A)-\pj(S)I)U{A) +M^ to Wi, and ^j+M^ to W^ in (ED, we have 



l^i(A)*I'll < 



K ^AJ j-'yJo X+M^ 






where 



SjiA) 



v=l 



w3/2 



CD 



3/2 



A /ik^P\a^ 

TjiA) = I^k' ^^ '"^ 

v=l 



ft) 



3/2 



(22) 



,p') 



(23) 



1 / fc"\ 2 " /"" \//L 
+ ^(a) si XT^||rXA)(P?«/ + M^ + A)-^||.A, (24) 



(25) 



(26) 



By the following Lemma 1421 there exists constants j8y(5) > for < 5 < ^, 7, > 0, and Vy > 0, such 
that 



Sj{A){pJ0l + M' + X)-'^' < [pj 



+rj- 



A2« 



Tj{A){pj®I + M' + X)-'^ 



< 



^j 



Xh+5 'U+M2 

A2« , 

Ho{A)^> 



A+M2 



//o(A)»I' 

+ 11*1' 



+ II*I'I 



(27) 
(28) 



Then by USi>, (EZJl and (gSjl, we have 



y\^l-a A^^^" A^t'^"' 



Ho{K)^> 



+\m]. 



^I'Ga^o, (29) 



N „2, 



where Ci= I 'SMl £ ^^ dX,C2= I ^/o°° (XtW"^^' '"'"'^'^^ = ^ ^/(P (XtW"^^- ^^'^''^ 
;=i 7=1 ;=i 

©0 is a core of 7^o(A), (HSl follows for all D(//o)- Then (1) follows for < a < ^. We see that (2) follows 

from (|29ll. ■ 



Lemma 4.2 There exist constants j8y(5) > 0/or < 5 < ^, 7y > 0, and Vy > 5mc/i that 
(i) 



71 \ l'^^^](pJ^/)(p2^/ + M2 + A)->(//o(A) + i: 



ft) 



3/2 






^ (%?") (P'®'^ + ^' + ^)"U^o(A) + 1) 



-1 



71 



|k|pAa,xA 2 



ftj 



3/2 



") iPJ^I + M^ + X)-\Ho{A) + r 



-1 



1)-^ 


A" 


(30) 


A2« 


(31) 


<^ 


a2» 


(32) 




^^A+M2- 



(Proof) 

(i) By Proposition B in Appendix, it is seen that 



K 



|k|pA«,xy 



(0 



■ill 



)(Py'^/)(Py®/+M2 + A)-'»P 



< 



/|k|pAa,xA ,^ 



®//b + l] 



-1/2 



(p/«)/)(pj®/ + M2 + A)-^(//p®/+l) 



-1/2 



(/^//b+l)"^/^(//p®/+ 1)^/^*1' 



< 



It is seen that 



;ri^^^^](/0//b + ir^/^ 



|l^|PAa 



ftjV2 

G 0(A«) and 



|k|PAg 



(/«)//b+l)"'/^(//p«)/+l)'/^*P 

G 0(Af). Then by (O and (O, we see that 

e o(A«). 



By using ||(/0//b + l)"'/2(//p®/+ 1)^/2»F|| < || //o(A)»F|| + ||»F|| and ([31, we have 
|k|pA«,xA . v^n^-2 



% 



(0 



3/2 



(p/®/)(pj®/ + M2 + A)-'»i' 



- (^^•^^^ir)(II^"^^)^ 



Thus we obtain (i). 
(ii) We see that 



(0 



3/2 



< 



1 



M2 + A 



K 



k Pa«,x; 



ftj 



3/2 



(/®//b+l) 



-1/2 



(33) 



(34) 



+ \M]- (35) 



(/®//b + l)^/2»j/|| 
(36) 



Note that 



ffl3/2 



G 0{A^") and 






e 0{A^-"). Hence by ([l6]l and ([T7]l, we have 

G (9(A2«). 



''(%^)('«"'+')"'^ 



(37) 



Bu using ||(/(g)//b+l)^/^*I'|| < \\{Ho{A) + l)'¥\\ and (l37]l, we obtain 

A2« 



^(%?^)(Pi^^ + ^'+^r'^ 



< 



Yj 



A+M2 



//o(A)»I' 



+ II*I'I 



and thus we have (ii). 
(iii) It is seen that 



n 



k|PA«,Xj 



ft) 



3/2 



j (p2 0/ + M2 + A) 



-1 



< 



1 



M2 + A 



^(^■^^V/^Z/H+l 



(0 



3/2 



Note that 



|k|PAg 



oW 



G 0(A2«), 
Lemma A in Appendix, we have 



|k|PAa 
(3)3/2 




|k|PAg 

0)2 



G 0(A2«) and 



K 



k^PA«,x, 



ftj 



3/2 



{I(S)Hh+l 



,-1 



G 0(A- 



k-PAg 
~1^ 



2a\ 



'-1 ll(/®//b+l)^*I'|| 

(38) 
G 6>(A"). Hence from 



(39) 



Bu using WimHb+iy^^^W < \\{Hq{A) + 1)^\\ and (Hg, it follows that 



71 



|k|pA« 



ftj3/2 

Thus we obtain (iii). ■ 



j ipj^I + M^ + X)-^'¥ 



A2« 



Ho{A)^> 



+ \\'i'\ 



(Proof of Theorem IXD) 

Let us show that //(A) satisfies the conditions (A.1)-(A.3). It is easy to see that H{A) satisfies (A.l) and 
(A.2) from Proposition 14.11 Then, let us consider the condition (A.3). By the spherical symmetry of pAg, 
we see that J^, ^e*"Jk = g J^ j-^rsm{\x\r)dr = ^ /_S ^rsm{\x\r)dr. Then we have 

Kiii^) = -^TZ?!.- ^Ga«(x/-x,), (40) 






fA" 1 



where GAg(x) = Im J\a jr^e'^^'^-dz. Let TAg = {z = ? | - A" < ? < A"} UCa« with CAg = {z 



A"e'^ I < < TTJ. We see that f^ ^^e'l"!^ Jz = /Tre-™" and L ^f^e'l"!^ Jz 

I — J JiA" z +m^ JC-Ag z +in- 

Then we have 

A2« 



<^ 



A f7r„-xA«sine, 



A2«-m- 



GA«(xy-X/) - TTe"'"!"- 



7-"/ 



< 2 



A2« - m2 



5A«(xy-X,), 



(41) 



10 



where Sa^x) = J^^ e-l^l'^^^'^^je. By Lemma C in Appendix, we have for ^ e C^(R^^), 



R3iV 



K/|X;-X/| 



i/a(xi,--- ,Xn] 



dxi---dxN < 4{N-\)\\Hp 



(42) 



Hence by the uniform boundness Sa" (x) < f, (|4T]) and (l42l) . it follows that for sufficiently large A > 0, 



||^ii(A)va|| < r 



871 ' 



\HM\ + ^ 



(43) 



follows for Y G C^(R^^)- Since Co{R^^) is a core of Hp, dH follows for all y G 2)(//p). Here it is 

c 



noted that fc^^^^C^ < 5 follows for | fc| < J^j- We also see that Sa" (x) < /(," e-\''\^"^^dd < j^ 



8;r 



Then lim 5a" (x) = follows for x 7^ 0. Hence we have 

A— s-oo 



lim 

A^-oo 



GAa(xy-x,) - TTe"'"!"'-'"! =0, a.e. (xi,---,x/v) G R'^. 



(44) 



Note that || i ^.i^ 1 ^Hl^ < °° follows for y G C^(R^^). Then by the Lebesgue dominated convergence 
theorem and (041), we see that for y G Cq(R^^), 

2 



lim 



e-"'l'''-'"l-GAa(x,--X/] 



1 



x,--x/ 



Va(xi,--- ,Xn) 



Hence by (l45]l, we obtain for iff G C^(R3'^) 

s- lim /rn(A)i/A = K-^V'effV''- 



A^-oo 



cfxi • • • dxN = 0. (45) 



(46) 



Note that Cq{R^^) is a core of //p. Then by using ^, we see that ^ follows for all »//• G D(//p). By 
(1431 ) and (l46l ). we also see that 



IIWII < 'c^^^^^^^' 



|//„ 



+ 



871 "■ P^" ' 1671' 
Then by (|43l), (|46ll and (|47]l , it is proven that H{A) satisfies the condition (A.3). 

Appendix 

Lemma A Let f,ge V{(0-^/^). Then it follows that for ^ G V{drb{co)), 



(47) 



(1) \\a{f)aig)n< 

(2) \\a*{f)a{g)n< 

(3) \\a{f)a*{g)n< 

(4) ||a*(/)a*(g)»i'||< 



/ 

f 


8 
8 



/ 



ll^b^I'll + 
ll^b^I'll + 



/ 



\Hl^'n 



iK^'n 



M m 



+ 



8 
\/co 


+ 


/ 

\/(0 



H'/'n+2\\f\\\\8\m 
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(Proof) Since 3^"(l)(w)) is a core of H^, it is enough to show that (1) - (4) follows for »F e 3^"(2)(w)). 
(l)For»F ={»p(")};;^Q G3^"(13(jrb(w))),weseethat 

Then by the Schwartz inequality, we see that 

(«(/)«(g)»P)W(ki,...,k„) 



< y/n+l\/n + 2 



f 



J (o{p)co{q)\M"+^\p,q,k,,--- ,Ks] 



2 ^1/2 

dp dp 



and thus 

||fl(/)«(g)'pW||2„ 

It is noted that 



L2{R3) 



/■ 


i<fHg)'i' 


)W(k 


17 


••,k„ 


) 


(« 


+ l)(n + 2) 


/ 


2 




2 



c/ki • • • (ik,i 



a)(p)to(q) ^("+2)(p,q,ki,...,k„) 



lipiipiiki ••• dk„. 



dpdpdki ■■■ dk„ 

2 



(„ + l)(„ + 2)|«(p)«(q)|»F("+2)(p,q,ki,---,k„ 

= (n + 2)|«(p)f «(q) + X;«(k,-)W("+2)(p,q,ki,...,k„ 

<(« + 2)|«(p)f «(p) + «(q) + £«(k,)W(«+2)(p,q,ki,...,k„ 
= |f «(p) + «(q) + X:«(k,)j |»F("+2)(p,q,ki,...,k„) 



JpJpJki ••• (ik„ 



dpdpdk\ ••• (ik„ 



JpJpJki ••• dkn 



(H^'i') 



("+2) 



®"+2L2(R3) 



Hence, we see that I \\a{f)a{g)^'^"^\l„^,,^, < L || {Hb'i'Y"+^^\\^„^,^,,^,. < \\ Hb^', and thus (1) 
is obtained. 



n=Q 



n=0 



(2) By the canonical commutation relations, we have for *F G 3^"(!D(co)), 

\\a*if)a{g)n' = iaif)a*if)a{g)^' ,aig)^) = ||/f ||a(g)»Ff + ||a(/)«(g)»Ff . 

Then we have \\a*{f)a{g)n < \\f\\Hgm\ + HfHg)n- By using (1), we have (2). 

(3)Sincea(/)a*(^)»F = a* (g)a(/)»P + (/,g)»F follows for »P G ^°(D((o)), we have ||a(/)a*(g)»F|| < 
\\a* {g)a{f)'¥\\ + 11/11 ||g||||»P||. Then by applying (2), we have (3). 



12 



(4) By the canonical commutation relation, it is seen that for *P G 9^"(2)(ft))), 

\\a*{f)a*{g)n' = {a{f)a*{f)a*{g)^',a*{gm = \\ff\\a*{g)n'+Hf)a*{g)n'- 
Thus we have \\a*{f)a*{g)n < \\f\\h*ig)n + Hf)a*{8)n- By (3), we obtain (4). ■ 



Proposition B (|l22]|, Lemma 3.2) 

For < 5 < ^, there exists Cj{5) >0,j=l,---,N, such that for A > 0, 

||;3j(p,.+M2 + A)-Hf^pV+M2+l)-V2|| < -L^cj{5). (48) 

(Proof) Let pj = (py)y^i S R^. From the spectral decomposition theorem, it is enough to show that 

sup |A5+^;,J| (p2+M2 + A)-'(f; Jp2+M2+l)-l/2 < oo. (49) 

A>0,P;GR3,/=1,--,A' 1=1 



From the The Young's inequality, it is seen that for o > 1 and q > \ satisfying - + 4 = 1, 

q q 

q q 

Let us set q = {\ + 5)^' for < 5 < -j^. Then q = {^ — 8)^^ holds, and we see that 

It is seen that 

N 



Note that (4-5)"' < § follows for < 5 < ^. Then it follows that 



N 



Then by ( [52l ). we have 

A>0,p,eR3,;=l,---,W 1=1 



sup |pj|(i-5r'(p2^^2^^)-l(£ /2^^2 + l)-l/2 



.1 .^-. ^ 



< sup |;,V|(i-5)-'(p2^^2)-l(£ /p2+^2 + l)-l/2<^_ (53) 

p,eR3,/=i,-,A' /=i 



(50) 



sup A(p2+M2 + A)-'(£ Jp2+M2 + l)-'/2 < 00. (51) 

A>0,p,gR3,/=1,--,W /=i 



sup |/7j|(5-5r'(p2+M2)-l(£ Jp2+M2+l)-l/2<oo. (52) 

p,eR3,;=l,-,W i=\ ^ 
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By dSOl), (EIjI and ^53, we obtain 



Lemma C It follows that 

iRS" |x,--X/|^ jRaw 



dxr--dxN, i^j. 



(Proof) For £ > 0, let us set a,;y,e (xi , • • • , xa^) = (^a)[y ^ (xi , • • • , xa,) j _ with alj^ (xi , • • • , xa^) = ^^'_^^^^ ■ 
It is seen that || (V^, +?a,j,e) i/a||^ = ||Vx,i//-|| - ? (»//•, [Vx,,a;j,e]v/-) + t^suj^e'^fW, f™' ^ > 0- Note that 
[Vx,,a,-,y,,]vA = i;[5,-v,<gv^= £ ( 3^_^^^_x£^\^_Hencewehave 



v=l v=l 
IV.V/f > / l(^A-2 "^'-^''' .1 -r^ '^'-^''' J Wx.-,x.) 



(ixi • • -dxf^f. 

(54) 
Note that sup _ \^ < ^ ,j . Note that Lsw _' .^ I V'^(xi , • • • , x^?) I Jxi • • • dxjsi < oo follows for 

\\j X/| +£: |Xf- X/| ^^ |X,- X/| I I 



Y G Cj^(R^'^). Then by applying the Lebesgue dominated convergence theorem to the right side of (c) 
as £ — ;• 0, we have || 
proof is completed. 



as £ -^0, we have ||Vx,v/|p > (-f^ + f) Jr3w i^^^^ li | V(xi,--- i'^n)\ dxi ■■■dx^. Since -t^ + t < ^, the 
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